Introduction
Every lattice has a set of minimal length vectors and a set of relevant vectors. We consider the G-path P to begin at the origin of L and end at the endpoint of P. The underlying set of a G-path P, denoted U(P), is the set of (pairwise distinct) vectors occurring in P. A G-path is said to be intrinsically increasing i the underlying set of that path is weakly acute. A G-subpath of a G-path, P, is a subsequence of consecutively occurring edges in P.
3. The graphical path length of a G-path, P, is the number of edges in P, and is denoted by GPL G (P). A G-path, P, is a shortest G-path i every G-path with the same endpoint as that of P has graphical path length at least GPL G (P).
For any point p 2 L, the graphical distance of p with respect to G, denoted kpk G , is the path length of a shortest G-path with endpoint p. If there is no G-path to p, then we de ne kpk G to be 1. Note: hGi = fp 2 L j kpk G < 1g.
G-Paths and E cient Sets
Henceforth, L will always denote a real, n-dimensional lattice, G will denote a subset of vectors in L, and0 will denote the origin of L. We start this section with the following observations which will be used implicitly through most of this paper.
Lemma 1
1. G-subpaths of shortest G-paths are shortest G-paths.
2. g 1 ; : : :; g k ] is a shortest G-path, i for every permutation, , of degree k, g (1) ; : : :; g (k) ] is a shortest G-path in L.
3. In any intrinsically increasing path, P, with end-point p, if g is a vector in U(P), (p ? g; g) 0.
De nition 2 G is e cient, i the non-zero sum of every pair of vectors in G, whose inner-product is negative, is in G. The e cient closure of a set G is the set, denoted by G, which is the intersection of all e cient supersets of G. De nition 5 L is a root lattice i it is minimally generated and the angle between any two distinct minimal length vectors in L is k ( =t), for some integer k and t 2 f2; 3g.
All root lattices are minimally generated as are A n , E 6 and E 7 . For n > 4, D n is not minimally generated. In conclusion, we summarize the above results.
Theorem 6 The following are equivalent.
1. L is a root lattice.
2. L satis es the Shell Condition.
3. Min(L) = Rel(L).
